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Introduction

Problem Manifold learning (ML) algorithms fail apparently or suffer from artifacts when data
manifold is long and thin, .e., when it has aspect ratio > 2. The problem lies with the selection of
(Diffusion Map) eigenvectors, and itis called Independent Eigen-coordinates Search (IES) problem.

What we do
Formulate the problem mathematically, show that a solution exists (for Diffusion Map).

Introduce a datadriven loss £ and Independent eigen-coordinates search (IES) algorithm.
= Results on real and synthetic data, showing the problem is pervasive.

Limit of £ forn — oo.

Motivating example: eigenvalues/functions of A y, on 2D long strip
Measurement of the strip (width, height) = (W, H). Here ¢1 ¢, ¢o.1 should be chosen.
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Figure 1. Example of repeated eigen-directions problem.
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eigenvalues are A1 g and Ao o it W/H > 2, while
Ao.1isthe W/H]™ eigenvalue (see Figure 1).

|ES problem [4]
= Defect on afamily of local, spectral embedding algorithms: LE, DM, LLE, LTSA, HLLE.
= Coordinates of the embedding might not be functionally independent to each other.

Situations when a mapping ¢(M) can fail to be invertible

= (Global) functional dependency: rank D¢ < d on an open subset or
all of M (yellow curve in 1a).
= The knot: rank D¢ < d at an isolated point (Figure 1b).

= The crossing: ¢ : M — ¢(M) isnot invertible at x, but M can be
covered with open sets U such that the restriction ¢ : U — ¢(U)
has full rank d (Figure 2).

= Combinations of these three exemplary cases can occur.

Figure 2. The crossing.

Existence of solution[1] However, s,the number of eigenfunctions needed, may exceed the Whit-
ney embedding dimension (< 2d), and that s may depend on injectivity radius, aspect ratio, etc.

Backgrounds

Laplacian eigenmap/diffusion map algorithm [2]
1. Build neighborhood graph G(V, E)withV = [n], E = {(i,§) € V?: ||x; — x| < 3e}.
2. Compute kernel matrix [K];; = exp(—||x; — x,{|*/£%) and the renormalized graph Laplacian

L=1-W D !KD! whereD = diag(K1,) and W = diag (D_lKD_lln)

3. Anm dimensional embedding is obtained from the 2Nd tom 4 1t principal eigenvectors of L.
= We will show that the coordinates chosen by the criteria will NOt give us an optimal embedding.

The pushforward Riemannian metric [6] Associate with ¢(M) a pushforward Riemannian metric
g« that preserves the geometry of (M, g). Here g, is defined by

Algorithm 1: Riemannian metric estimation
RMETRIC(Y,L,d)
forally, e Y.,k=1—->m,l=1— mdo

(v}, ) = (Do~ (x)u, Do~ (x)v )
forallu, v € Tyx)9p(M)

g9(x)

Bk = >4 Lij (Wi — vi) Yk — vik)
" TxM, Ty x)9(M) are tangent subspaces. ?grdi 1 ndo
* D¢~ (x) maps vectors from Tp(x) (M) to Tx M U(2), ¢ REDUCEDRANKSVD(H(7), d)
* gx(x;) inlocal coordinate is a PSD matrix G(i) H(:) = UHX()U®G) "
Teus G(i) =U(H)= ' ()U(i) '
(u, V>g*¢(x7;) =u G()v end

Return: G(3), H(i) € R™*™ U(i) € R™*4

= Coordinate U(7) and are from
e R forj e [n]

the SVD of co-metric H(z) = pseudo_inv(G(z)).

Related works

1. Analysis on the sufficient conditions for failure (Goldberg et al., 2008 [4]).
7. Functionally independent coordinates (Blau & Michaeli, 2017; Dsilva et al.,, 2018 [3]).
3. Sequential spectral decomposition (Gerber et al., 2007; Blau & Michaeli, 2017).
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Loss function based on volume

Loss function  Chosen independent coordinates S«(¢) = ArGMAX §C [y]: S| —s:1€9 £(5;¢)
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,m} of eigenvector of L, find coordinates S C [m|with |S| = s
and force the slowest varying coordinate to always be chosen, i.e,, 1 € S.
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M), Vol(z;

3. ¢glisnotanisometry

= Remove the introduced by ¢ from the estimated rank of ¢ at x.

4. Regularization term, consisting of the sum of eigenvalues ) ~,.c ¢ A, of the graph Laplacian L, is

added to penalize the high frequency coordinates.

Computation
= Time complexity is O(nm**3) — brute force

search for small s. Algorithm 2: Indep. Eigencoordinates Search

INDEIGENSEARCH(X, €, d, s, ()

= R1, Ry in (1) are submodular set functions — Y € R"™™ T, A € R < D1rrMap(X, )

optimizing over difference of submodular

functions for large s. U(i),- -, U(n) «-BMETRIG(Y, L, d)
, . forS e {S"C[m]: |9 =s,1€85}do
= [3] has quadratic dependency on sample size n R1(S) « 0; 9%2(5) 0
(see also Figure 3). forz' —1,.-- .ndo
Regularization path and choosing Ug(i ) U(4)]S, ]

Define the leave-one-out regret of point 4 R1(S) += 1 - log det (US( )TUS( ))

D(S, 1) = R(Sy; [n]\{i}) — R(S; [n]\{i}) Ro(S) += 5 - Sty log [[uf) (3)]|2
with S;Lk = argmaxsg[m];|5‘2851659%(5; Z) end.
9 is the gain in R if all the other points [n]\{i} endi)(S, 0} =2(5) = RlS) = € 2kes M

choose the un-regularized optimal coordinates in

terms of point s. S = argmaxg £(5; )

Return: Independent eigencoordinates set S

¢’ = max PERCENTILE ({D(S«(¢), 1)}, a) <0

>0
Limit of loss £
Theorem (Limit of ) Let jo(y) = 1/VOI(US(Y)E}S’/Q(Y)>555<Y) = 1T (Hug(ym%(y»lp)_

Under the following assumptions: (i) The manifold M is compact of class C3, and there exists a set
S, with |S| = s so that ¢g is a smooth embedding of M in R?, (ii) The data are sampled from a
distribution on M continuous w.r.t. uag with density p, and (iii) The estimate of Hg in Algorithm 1

computed w.r.t. the embedding ¢ ¢ is consistent, we have limy, nzz InR(9, x;) = R(S, M), with
Jsly) . 1 : def T
%S,M——/ In===p(dg ™ (¥))15(y)dp y) = —D(pjslip
(5, M) s " 7s(y) (D5~ (Y))Is(¥)dttggr)(¥) (pisllpis)

Because jg > jg the divergence D is always positive.

The limit of regularization term qb;_Lgbk — [\ || grad ¢ (x) |15d1 (M) when ¢, satisfies the Neu-

mann boundary condition.

Experiments

Synthetic dataset — long strip and high torus
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Experiments (cont.) & Discussion

Synthetic dataset — three torus
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Real dataset

n D degyyy (s,d) t(sec) Sx ) ***
SDSS (Abazajianetal. 2009) 299k 3750 144.91 (2,2) 106.05 (1’ 3) ?102 *** -
Aspirin (Chmielaetal 2017) 212k 244 101.03 (4,3) 8511 (1,2,3,7) “w «* . o
=thanol 555k 102 107.27 (3,2) 233.16 (1,2,4) e
Malondialdehyde 993k 96 10651 (3,2) 45953 (1,2, 3) e o
CH3Cl (Flemingetal. 2016) 23K 34 9184 (3,2) 8.3/ (1,4, 6) e Exact Creedy - LLR

Figure 3. Runtime on 2D long

Selected eigenvectors 1 strip, compared with [3].

G2 P5 @8 ¢11¢14¢17¢520

O3 -
! 0.02
0.04 -
[ P -1 0.01
0.02-€  ¢g- 0.00° —
.00 b2 - - 20.01
<. _ bs- —2 20.02
, 0.04 ¢15 £;02
' = 0.02 - g 0.00
-0.005 - 18 -0.005 - <~ -0. 005
S0 0005 000 @ 3 £1'OOO 0.005 —goplt @ Q%OOO 0.005
(a) CHsCl - ¢p3 (b) CHsClI- £({1,4,5}) (C) CH3Cl - g, = P14y (d) CHsCI - ¢52 = {157}
0.01 -1.5 0.01 -1.5 0.04
1.0 1.0 0.02
~ 0.00 o ‘ R 0.00
0.00 * T 1
< -0.5 < -0.5 e —0.02 <
- ~=0.04
o 0.0 _0.01 0.0 . . (30%.01 I
—0.005 0.000 0.005  0.010 —0.005 0.000 0.005  0.010 -0.01 0.00 - - —001 Q% IIIIII-. (1 ™
P ®1 ¢1' 0.01 —0.02 </52 G5 P P11 P P17 P

(€) SDSS - ¢y

(f) SDSS - ¢y1.3 (8) ¢1.25y chosen by LLR ) 7 vs. ¢y, of LLR

Figure 4. Experimental result - real datasets & comparison. LLR is the method by [3].

Initializer for UMAP [5]
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(a) kneigh: # of neighbors in kNN graph. (b) min_dist: minimum separationin’Y.

Discussion & Future works

= Defect of sequential search (see Figure 4g & 4h).

= Extension to LTSA & HLLE with gradient estimation by coefficient Laplacian (Ting & Jordan, 2018).
= Manifold optimization on the Grassmannian.
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